The eigenchannel method, generalizing the familiar phaseshift method, is formulated for scattering from a Hermitian short range potential. Scattering eigenchannels are defined as eigenstates of some generalized (weighted) operator spectral problem. Eigenvalues of that problem define eigenphaseshifts, the former being the negative of cotangents of the latter. Eigenchannel representations of generalized scattering states, transition operators, and Green operators are constructed. A variational approach to the method is also presented. The general theory is illustrated by applications to scattering of Schr€ odinger and Dirac particles.
Introduction
The idea to generalize the well-known phaseshift method [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] to quantum scattering from arbitrary potentials may be traced back to a work of Lippmann and Schwinger [11] . These authors observed that scattering cross-sections might be conveniently expressed in terms of eigenvectors of a scattering matrix and so-called eigenphaseshifts d c , related to eigenvalues s c of the scattering matrix through s c ¼ expð2id c Þ. The matter was pursued further by Biedenharn and co-workers [12] [13] [14] (cf. also more recent works by Newton [15] [16] [17] [18] ). However, the results of [11] [12] [13] [14] were perceived as an interesting theoretical detail and did not find applications until Danos and Greiner [19] proposed a practical approach enabling one to find eigenvectors of the scattering matrix and eigenphaseshifts, hence also cross-sections, without prior knowledge of the scattering matrix. This approach, termed the eigenchannel method, was subsequently used in nuclear physics [20] [21] [22] [23] [24] [25] [26] [27] [28] and, usually in conjunction with the quantum defect theory, in atomic and molecular physics [29] [30] [31] [32] [33] [34] [35] [36] [37] .
The purpose of this paper is to present a consistent, self-contained, formulation of the eigenchannel method for quantum scattering from a Hermitian short range potential. Our approach, which is technically different from that proposed by Danos and Greiner [19] , has been inspired by ideas contained in works of Garbacz [38, 39] and Harrington and Mautz [40] [41] [42] on so-called characteristic modes in the electromagnetic theory (cf. also works of Katsenelenbaum et al. [43] [44] [45] [46] [47] on the classical diffraction theory). Some of the results presented in this paper have been anticipated by results which may be found in works of Demkov et al. [48, 49] on the quantum scattering theory and Ziesche et al. [50] [51] [52] [53] [54] on the quantum solid state theory.
The arrangement of the paper is as follows. Section 2 contains definitions and summarizes basic properties of principal mathematical objects (Green operators, generalized scattering states, and transition operators) used in later considerations. In Section 3 we define so-called eigenchannels as eigenstates to an abstract generalized spectral problem and investigate some of their properties. Next we use the eigenchannels as an expansion basis, constructing series representations of the generalized scattering states, generalized transition operators, and Green operators. In Section 4 we introduce eigenphaseshifts. Rather than defining them through their relationship to eigenvalues of the scattering matrix, we relate them to eigenvalues of the spectral problem introduced in Section 3. In Section 5 the variational approach to the eigenchannel method is discussed. Sections 6 and 7 illustrate the utility of the general theory exposed in the preceding sections and present its applications to spatial coordinate descriptions of scattering processes involving Schr€ odinger and Dirac particles, respectively. Section 8 contains concluding remarks. The paper ends with three appendices.
Preliminaries

Free-particle Green operators
LetĤ 0 denote a free-particle Hamiltonian and let E 2 R be a number from a (continuous) spectrum ofĤ 0 . We define the related outgoing (Ĝ Here and throughout the rest of the paper, it is understood that 2 R þ and # 0. The two Green operators are mutually Hermitian adjoint: Evidently, eigenstates ofD 0 ðEÞ coincide with those ofĤ 0 . If E 0 is in the spectrum of H 0 then =½ðE 0 À EÞ 2 þ 2 > 0 is in the spectrum ofD 0 ðEÞ. Since eigenvalues ofD 0 ðEÞ are positive, this operator is positive definite.
In virtue of the definitions (2.9), (2.6), and (2.1), the operatorD 0 ðEÞ obeys whereÎ is the identity operator.
Generalized scattering states and transition operators
Let the state jUðEÞi be a solution to the stationary free-particle Schr€ odinger equation The equation and in fact the considerations of Section 3.2 rely on the assumption that these relations do hold. However, it should be clearly stated here that at the present stage these relations are conjectures which remain to be proved.
Expansions in eigenchannels and applications
Although the eigenchannels are interesting for themselves, their importance lies primarily in the fact that they are useful for solving scattering problems. 
Variational approach
In actual applications of the general theory presented above the potential operatorV may be such that exact solutions to the spectral problem (3.1) will not be available. In such cases one may resort to the variational approach which we shall discuss in this section at some length.
Three variational principles appear to be particularly useful for the present purposes. The first principle, constructed in Appendix B, is the one for eigenvalues to the spectral system (3.1) (for brevity, throughout the rest of this section we shall omit labels at eigensolutions): ðEÞi, the latter being defined analogously to jW ðgÞ a ðEÞi. It is worth noticing that, since the functional (5.10) has the property that for arbitrary l a ; l b 2 C n f0g it holds To see how the variational method works in practice, let us approximate jX ðEÞi as a linear combination of n linearly independent (but not necessarily orthogonal) vectors fjv i ig:
where fc i g are yet unknown coefficients which remain to be optimized. Substitution of this estimate, and its adjoint, into the functional (5.3) yields and to its Hermitian adjoint. In general, the eigensystem (5.20) will have m 6 n eigenvalues fk c ðEÞg and associated eigenvectors fc c ðEÞg (the index c serves to distinguish between eigenvectors, i.e., in the case of degeneracy some eigenvalues with different indices will coincide). Since both the matrices AðEÞ and BðEÞ are Hermitian and B is positive definite, the eigenvalues to the system (5.20) possess the desired property of being real: 6. Application to Schrödinger particles
Eigenchannel wave functions and eigenchannel harmonics
Consider a Schr€ odinger particle in three spatial dimensions. The free-particle Green functions 
and may be rewritten as Then, utilizing the expansion (6.36), we find the following representation of SðE; n; n 0 Þ in terms of the eigenchannel harmonics: 
Scattering cross-sections
The function W ðþÞ ðE; n 0 ; rÞ is the physical scattering function induced by the monochromatic plane wave UðE; n 0 ; rÞ and A ðþÞ ðE; n; n 0 Þ is the corresponding scattering amplitude. Accordingly, the differential cross-section for scattering from the direction n 0 into the direction n is d 2 QðE; n; n 0 Þ Thus far, we have been assuming only that the potentialV is of the short range nature and that its kernel V ðr; r 0 Þ is Hermitian. Below we shall investigate briefly consequences of making an additional assumption that V ðr; r 0 Þ is also real (hence, in virtue of the Hermiticity, symmetric).
It is seen from Eq. (6.10) that in the case considered here the complex conjugate of any eigenchannel wave function is also an eigenchannel wave function, both being associated with the same real eigenvalue. This implies that the eigenchannel wave functions may be chosen to be real: where u c ðEÞ is a real phase, and it follows from Eqs. (6.18) and (6.64) that asymptotically the eigenchannels are of the form In the case considered here, in addition to the reciprocity relations (6.38), the farfield amplitudes obey also the reciprocity relations In Eq. (7.2) a and b are the standard 4 Â 4 Dirac matrices, I is the 4 Â 4 unit matrix, the 4 Â 4 matrices a AE and b AE appearing in Eqs. (7.3) and (7.4) are defined as
while the Dirac wave number is
Explicitly one has 
are solutions to the integral eigenproblem It follows from Eqs. (7.13) and (7.2) that the eigenchannel wave functions obey the Dirac equation
Hereafter, we shall be assuming that the eigenchannel wave functions have been orthonormalized in the sense Z 
following directly from Eq. (7.7), must be transformed before they become convenient for our purposes. To this end, we introduce two bispinors
where n ¼ r=r,
while the two-component n-independent spinors fu i g obey for which (cf. the definition (7.43)).
Far-field amplitudes
If the limiting passage r ! 1 is made in Eq. (7.43) and the result is transformed with the aid of Eqs. (7.27) where F AE ðE; nÞ are spinor amplitudes, Eq. (7.66) does not define SðE; n; n 0 Þ uniquely. Therefore, rather than working with SðE; n; n 0 Þ, one introduces a 2 Â 2 scattering kernel SðE; n; n 0 Þ such that Hence, after invoking Eqs. (7.39) and (7.61), one finds that in this particular case 
Scattering cross-sections
Similarly to the nonrelativistic case, knowledge of the asymptotics of the wave function W ðþÞ ðE; m 0 ; n; n 0 Þ enables one to obtain the differential cross-section: and further, after applying Eqs. (7.55), (7.20) , and (7.61), to d 2 QðE; m 0 ; n; n 0 Þ d 2 n ¼ u y ðm 0 ÞA ðþÞy ðE; n; n 0 ÞA ðþÞ ðE; n; n 0 Þuðm 0 Þ: ð7:86Þ
The total cross-section, for the given direction of incidence n 0 and the given initial spin orientation m 0 is into the HamiltonianĤ 0 , in practice some subtleties appear which require a more thorough study. Second, the formalism might be extended to scattering from nonHermitian potentials. Third, it would be interesting to study consequences on the formalism resulting from admitting complex energies. Finally, the approach presented in this work deserves generalization to reactive scattering. We work on these subjects and any significant progress will be reported in future publications. Consider now the first variation of the functional (B.2) due to unconstrained variations in its arguments around kðEÞ, jX ðEÞi, and some hHj (which is at our disposal), respectively. The variation is 
